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Abstract

Solutions for the unsteady state temperature fields and heat fluxes from the surfaces due to single or multiple line sources in a slab and
in a semi-infinite solid are derived by using integral transform techniques. The convective boundary condition (boundary condition of the
third kind) is applied at the surfaces. Responses to a step change in the coil power are given. Also a cyclic case is studied, in which power
in coils is alternately switched on and off as described by a cyclic square wave function. As an application the use of a floor or a wall as
storage of heat from electric cables is discussed and equations applicable for dimensioning of the heat storage system and simulation of
operation are given. The temperature isotherms generated by a line source are approximately circular in the vicinity of the line source.
Based on this an approximate method to calculate heat losses in steady state from single or several pipes in a slab or ground with
convective heat transfer at surface is illustrated.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The study of point and line sources in heat conduction
in solids dates back to Kelvin’s theory in the 19th century
[1]. The temperature field due continuous line source in an
infinite solid has been applied as an approximation for the
heating outside a buried electric cable [1], in the determina-
tion of thermal conductivity [1–5] and moisture content of
soil [6,7]. Numerous methods to measure the thermal con-
ductivity have been presented by applying heat sources. At
present there exists standardized methods (EN, ISO, DIN,
ASTM) for the determination of the thermal conductivity
by the ‘‘hot-wire” method [5]. Thermal responses of a line
source or a sink have been applied in studying heat extrac-
tion from soil using a heat pump [8–10]. Analogical physi-
cal problems applying point and line sources in fluid flow
[11,12] or in the dispersion of pollutants [13] have been
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discussed. Solutions for temperature fields due to line
source in different geometries have been presented (see
e.g. [1,14,15]).

The steady state temperature profile in a solid around a
heated pipe is close to one created by a line source.
Approximate analytical solutions for the temperature dis-
tributions and heat transfer in steady state from a single
pipe or several pipes in a slab or semi-infinite solid have
been presented [16–20]. Periodic heat release from pipes
in a slab has been studied numerically [21]. In the present
paper transient temperature fields and heat losses due to
line sources in slab geometry and in a semi-infinite solid
are presented. A method is illustrated how this theory for
line sources can be modified to estimate heat losses from
pipes in a slab or ground.

The motivation for this study stems from a practical
application, which is the use of a floor or a wall as storage
of heat generated by electric coils. In storing electric heat-
ing the heating power can be switched off during daytime
or other time when other consumption of electric energy
is high. This makes it possible to direct the use of electric
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Nomenclature

a a = k/(qc), thermal diffusivity, m2 s�1

Bi Bi = G00R/ks, effective Biot number
b distance of cables from the bottom surface of

the floor, m
c specific heat capacity, J kg�1 K�1

d half distance between the line sources, m
Fo Fo = ast/R

2, Fourier number, dimensionless
time

G00 conductance/surface area, effective heat transfer
coefficient, W m�2 K�1

G0 conductance/pipe length, W m�1 K�1

h heat transfer coefficient, W m�2 K�1

m heat transfer resistance due to carpet on the
floor, m2 K W�1

_m mass flow rate, kg s�1

R thickness of floor (without cover and insulation)
for a slab, distance of the coil from the surface
for a semi-infinite medium, m

Rp outer radius of a pipe, m
r distance from line source, m
sb thickness of the cover on the floor, m
T temperature, K
Tref arbitrary reference temperature (but Tref 6¼ T1),

K
t time, s
x space co-ordinate, m
y space co-ordinate, m
z space co-ordinate along fluid flow, m

Greek symbols

a a = R/d, ratio of lengths
b b = b/R, ratio of lengths
d d = Rp/R, dimensionless pipe outer radius
f f = y/d, dimensionless space co-ordinate
g g = y/R, dimensionless space co-ordinate

H H = (Ts � T1)ks//0, dimensionless temperature
of solid

h h = (Ts � T1)/(Tref � T1), dimensionless temper-
ature of solid

# # = (T2 � T1)/(Tref � T1), dimensionless tem-
perature of heated space 2

k thermal conductivity, W m�1 K�1

n n = x/R, dimensionless space co-ordinate
q density, kg m�3

U U = /0/[ks(Tref � T1)], dimensionless power/
length of line source

U* U* = R/00/[ks(Tref � T1)], dimensionless heat
flux

/0 power /length of line source, W m�1

/00 heat flux, W m�2

/00max /00max ¼ /0=ð2dÞ, average heat flux at surface 2
in stationary situation without heat losses at
surface 1 (i.e. when Bi1 = 0), W m�2 K�1

W W = ks(T2 � T1)//0, dimensionless parameter

Subscripts

0 inlet
1 space under floor, side 1, power on period, space

above a semi-infinite solid
2 heated room side, power off period
1 stationary, final state
a response to room temperature
av average
b cover on the solid
c finite cosine transform
e response to coil power
f fluid
I generalized transform
p total period (Fo1 + Fo2 = Fop), pipe surface
s solid
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energy to off-peak hours when electric energy may be
obtained at a cheaper price. The market prices of electric
energy can momentarily rise even to 50 times the average
during peaks, which occur mostly in cold winter days.
Energy storage is useful with respect to the production of
electric energy, since the peak in the production capacity
can be dimensioned smaller or produced more efficiently
compared to the case with direct electric heating. This heat-
ing method is in commercial use in Finland. Here the use of
a floor as heat storage is considered as an application of the
theory. Analytical solutions are derived for unsteady state
temperature for a step change in the power/coil length and
for the cyclic on/off-operation. Corresponding time-depen-
dent heat releases to the room from the floor are also given.
The results can be used in the dimensioning of the heat
storage floor.
2. Thermal model

2.1. Model equations for a slab with line sources

The slab is illustrated in Fig. 1a. Due to symmetry it is
possible to restrict the analysis to the area y = 0 . . .d in
Fig. 1. Heat conduction and storage are described by
Fourier’s equation

1

as

oT s

ot
¼ o2T s

ox2
þ o2T s

oy2
þ /0

ks

dðx� bÞdðyÞ ð1Þ

where the term on the left hand side describes heat storage,
the two first terms on the right hand side describe two-
dimensional heat conduction and the last term describes
heat generation in a line source (or in an electric coil that
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Fig. 1. Heat storing floor schematically (a) and coil power in cyclic
operation (b).
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is approximated as a line source) with power /0. d(x) is the
Dirac delta function (see e.g. [22,23]) with properties
d(x � c) = 0, when x 6¼ c, d(x � c) =1, when x = c, andR b

a dðx� cÞF ðxÞdx ¼ F ðcÞ, when a 6 c 6 b. There is insula-
tion with conductance G001 on the other side of the slab
(or floor). There can be another room or ground on the
side 1 of the slab (or floor). The boundary conditions on
the surface of the floor, under the floor and due to symme-
try are

G002ðT 2 � T s;x¼RÞ ¼ ks

oT s

ox

� �
x¼R

G001ðT 1 � T s;x¼0Þ ¼ �ks
oT s

ox

� �
x¼0

oT s

oy

� �
y¼0

¼ oT s

oy

� �
y¼d

¼ 0 ð2Þ

The thermal conductance of the surface of the floor in-
cludes the combined heat transfer coefficient by radiation
and convection, h, and the thermal resistances of surface
cover of the floor (sb/kb) and of a possible carpet (m) on
the floor, G002 ¼ 1=½1=hþ sb=kb þ m�.

In the general case the room temperature and the power
of the cables can change with time and the initial tempera-
ture distribution in the floor is function of space co-ordi-
nates. The temperature under the floor (or in space 1),
T1, is assumed constant. The solution could readily be gen-
eralised to the case where also temperature T1 is changing
with time. We use the following dimensionless variables:
the Fourier number Fo = ast/R

2, dimensionless co-ordi-
nates n = x/R and f = y/d, Biot numbers Bi1 ¼ G001R=ks

and Bi2 ¼ G002R=ks, length ratios a = R/d and b = b/R,
dimensionless floor temperature h = (Ts � T1)/(Tref � T1),
dimensionless room temperature # = (T2 � T1)/(Tref � T1)
and dimensionless power of line source U = /0/
[ks(Tref � T1)]. Eq. (1) and boundary conditions, Eq. (2),
become in dimensionless form

oh
oFo
¼ o2h

on2
þ a2 o2h

of2
þ 1

2
aUdðn� bÞdðfÞ ð3Þ

oh
on

� �
n¼1

þ Bi2hn¼1 ¼ Bi2#;
oh
on

� �
n¼0

� Bi1hn¼0 ¼ 0

oh
of

� �
f¼0

¼ oh
of

� �
f¼1

¼ 0 ð4Þ

The coefficient 1
2

in Eq. (3) is due to symmetry, since only a
half of the region is under consideration.

2.2. General solution

We apply the finite cosine transform [23]

�f ðnÞ ¼
Z 1

0

f ðfÞ cosðnpfÞdf ð5Þ

which has the inverse transform

f ðfÞ ¼ �f cðn ¼ 0Þ þ 2
X1
n¼1

�f cðnÞ cosðnpfÞ ð6Þ

to Eq. (3), and we get

o�hc

oFo
¼ o

2�hc

on2
� a2n2p2�hc þ

a
2
Udðn� bÞ ð7Þ

The integral transform [14,24]

fIðlkÞ ¼
Z 1

0

Kðlk; nÞf ðnÞdn ð8Þ

where the kernel function is

Kðlk; nÞ ¼ ½lk cosðlknÞ þ Bi1 sinðlknÞ�=ðlk
ffiffiffiffi
ck
p Þ

and

ck ¼
1

2
þ Bi2

1

2l2
k

þ 1

2
1þ Bi2

Bi1

� �
1

Bi1

þ Bi2

l2
k

� �
1þBi2

1

l2
k

�� �

1þ Bi2

Bi1

� �2

þ lk

Bi1

� Bi2

lk

� �2
" #

ð9Þ

is applicable to problems in heat conduction in a plate with
asymmetric convective boundary conditions. If Bi1 = 0 i.e.
perfect insulation below the floor, this transform is simpli-
fied to the generalized cosine transform [23]. The character-
istic transcendental equation for the eigenvalues is

tan lk ¼ lkðBi1 þ Bi2Þ=ðl2
k � Bi1Bi2Þ ð10Þ

Suitable forms to solve the eigenvalues by iteration are

l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1½arctanðBi1=l1Þ þ arctanðBi2=l1Þ�

p
ð11Þ

lk ¼ ðk � 1Þpþ arctanðBi1=lkÞ þ arctanðBi2=lkÞ ð12Þ
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when k = 1 and k > 1, respectively. The inverse transform
is [14,24]

f ðnÞ ¼
X1
k¼1

Kðlk; nÞfIðlkÞ ð13Þ

By applying transform, Eq. (8) to Eq. (7), we get

d�hcI

dFo
þ ða2n2p2 þ l2

kÞ�hcI ¼ Kðlk; 1ÞBi2#þ
1

2
aUKðlk; bÞ

ð14Þ
The transformed floor temperature �hcI is obtained as the
solution of differential equation (14). Then by applying
the inverse transforms, Eqs. (6) and (13), we obtain the
solution for the temperature distribution in the floor

h ¼
X1
k¼1

Kðlk; nÞ �hcIðn ¼ 0Þ þ 2
X1
n¼1

�hcI cosðnpfÞ
 !

ð15Þ
2.3. Response to a step change in the coil power

We assume that the room temperature is constant and a
constant power/length /0 in the coils is switched on. Ini-
tially the stationary temperature distribution in the floor,
when there is no power on, is

ha;1 ¼ #ðBi2 þ Bi1Bi2nÞ=ðBi1 þ Bi2 þ Bi1Bi2Þ ð16Þ
The temperature distribution after the power is switched on
is obtained from Eq. (15)

h ¼ h1 �
1

2
aU
X1
k¼1

Kðlk; bÞKðlk; nÞ

� 1

l2
k

e�l2
k Fo þ 2

X1
n¼1

cosðnpfÞ
a2n2p2 þ l2

k

e�ða
2n2p2þl2

k ÞFo

 !
ð17Þ

h1 = ha,1 + he,1 is the stationary temperature distribution
after the power has been on for long time. The contribution
of the heat from the coils in the stationary temperature field
is

he;1 ¼
1

2
aU
X1
k¼1

Kðlk; bÞKðlk; nÞ
1

l2
k

þ 2
X1
n¼1

cosðnpfÞ
a2n2p2 þ l2

k

 !

ð18Þ
which can be simplified. It can be shown by applying the
residue theory that

X1
n¼1

cosðnxÞ
n2 þ b2

¼ p
4b
½cothðpbÞ � 1�ebx

þ p
4b
½cothðpbÞ þ 1�e�bx � 1

2b2
ð19Þ

This gives an expression with one summation only

he;1 ¼
1

2
U
X1
k¼1

1

lk

Kðlk; bÞKðlk; nÞ

� ½cothðlk=aÞ coshðlkf=aÞ � sinhðlkf=aÞ� ð20Þ
The average temperature of the floor surface 2 under the
carpet can be obtained by integrating

h2;av ¼
Z 1

0

hð1; f; FoÞdf ¼ ha;1ð1Þ þ
Z 1

0

heð1; f; FoÞdf

and we get

h2;av ¼
Bi2 þ Bi1Bi2

Bi1 þ Bi2 þ Bi1Bi2

þ 1

2
aU
X1
k¼1

Kðlk; bÞKðlk; 1Þ

� 1

l2
k

ð1� e�l2
k FoÞ ð21Þ

The dimensionless heating power/surface area from the
floor as function of time is obtained using the average
surface temperature U2 = Bi2(h2,av � #) = Bih (hp,av � #) =
U2a,1 + U2e,

U�2 ¼ �
Bi1Bi2

Bi1 þ Bi2 þ Bi1Bi2

#

þ 1

2
aBi2U

X1
k¼0

Kðlk; 1ÞKðlk;bÞ
1

l2
k

ð1� e�l2
k FoÞ ð22Þ

The first term is the contribution of the heat losses through
the floor without coil power and the second is the contribu-
tion of the cables to the heating of the room. Correspond-
ingly it is possible to find the average temperature of the
other surface 1 (bottom) of the floor and the heat losses/sur-
face area. The surface temperature distribution on the cover
(felt by bare feet) is obtained from the temperature distribu-
tion at n = 1, hp ¼ hð1; f; FoÞ þ ½#� hð1; f; FoÞ�G002=h. If an
additional carpet is used on the floor, its effect can be in-
cluded in the conductance G002. The heat flux or heat loss
at surface 1, U�1, is found in a similar way.

2.4. Intermittent heating

The power from the coils in the floor is shown in Fig. 1b
in intermittent heating. Solutions for the case with arbi-
trary time dependent heat source power can be found by
using Duhamel’s method (see e.g. [14,24]). When the steady
cyclic state has been reached, the solution can also be
found by first solving the response to sinusoidal power
and then presenting heat power as Fourier series and sum-
ming up the responses to each term. A third easier method
in the present case to calculate the thermal response (tem-
perature field and heat release from the floor) is obtained
by presenting the coil power as square pulses and by using
the superposition method. In cyclic on/off-heating the coil
power changes according to square wave, which can be
presented as a queue of positive and negative step changes.
Then cyclic temperature distribution is achieved by the
superposition of step responses i.e. summing up the
contribution of positive and negative step response from
the present to the past. If the step response is denoted
by fs(Fo), then the response to the square wave heat
source is f(Fo) = fs(Fo) � fs(Fo + Fo2) + fs(Fo + Fop) �
fs(Fo + Fop + Fo2) +� � � for the power on period and
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f(Fo) = � fs(Fo � Fo1) + fs(Fo) � fs(Fo + Fo2+)� � � for the
power off period. It is assumed that the room temperature
T2 remains constant (due to auxiliary direct heating). By
summing up to infinity in the past the temperature distribu-
tion in the floor during the period when the power is on,
0 6 Fo 6 Fo1, is

h¼ ha;1þ
U
2

X1
k¼1

1

lk
Kðlk;bÞKðlk;nÞ

� coth
lk

a

� �
cosh

lkf
a

� �
� sinh

lkf
a

� �� 	

�U
2

a
X1
k¼1

Kðlk;bÞKðlk;nÞ

� P k
e�l2

k Fo

l2
k

þ2
X1
n¼1

Qn;k

e�ða
2n2p2þl2

k ÞFo

a2n2p2þl2
k

cosðnpfÞ
 !

ð23Þ

where P k ¼ ½1� e�l2
k Fo2 �=½1� e�l2

k Fop � and Qn;k ¼ ½1�
e�ða

2n2p2þl2
kÞFo2 �=½1� e�ða

2n2p2þl2
k ÞFop �. ha,1 is defined by Eq.

(16). During the period, when the power is switched off,
Fo1 6 Fo 6 Fop, the temperature distribution is

h ¼ ha;1 þ
U
2

a
X1
k¼1

Kðlk; bÞKðlk; nÞ

� Lk
e�l2

k Fo

l2
k

þ 2
X1
n¼1

V n;k
e�ða

2n2p2þl2
k ÞFo

a2n2p2 þ l2
k

cosðnpfÞ
 !

ð24Þ

where

Lk ¼ el2
k Fo1 � ½1� e�l2

k Fo2 �=½1� e�l2
k Fop �

and

V n;k ¼ eða
2n2p2þl2

k ÞFo1 � ½1� e�ða
2n2p2þl2

k ÞFo2 �=½1� e�ða
2n2p2þl2

k ÞFop �

The heat flux to the room in periodic operation is obtained
in the same way as in the case of step response by calculat-
ing first the average surface temperature. The average heat
flux when the power is on, 0 6 Fo 6 Fo1, is

/002=/
00
max ¼ �

2

a
Bi1Bi2

Bi1 þ Bi2 þ Bi1Bi2

W

þ
X1
k¼1

Bi2

l2
k

Kðlk; bÞKðlk; 1Þ 1� P ke�l2
k Fo

� �
ð25Þ

and when the power is off, Fo1 6 Fo 6 Fop,

/002=/
00
max ¼ �

2

a
Bi1Bi2

Bi1 þ Bi2 þ Bi1Bi2

W

þ
X1
k¼1

Bi2

l2
k

Kðlk; bÞKðlk; 1ÞLke�l2
k Fo ð26Þ

The heat losses as function of time under the floor in cyclic
operation can be found correspondingly. If there is a con-
stant base power on all the time in addition to the cyclic
square wave, its stationary effect can be summed to the
solutions.

The temperatures and heat fluxes at Fo = 0 and
Fo = Fop coincide. The calculations of heat fluxes at
n = 0 and n = 1 in stationary situation can be performed
faster using the relations

X1
k¼1

Bi1

l2
k

Kðlk; bÞKðlk; 0Þ ¼
r

1þ rX1
k¼1

Bi2

l2
k

Kðlk; bÞKðlk; 1Þ ¼
1

1þ r
ð27Þ

where r = (Bi1/Bi2)[1 + (1 � b)Bi2]/[1 + bBi1]. These rela-
tions were deduced from stationary energy balance: the
heat released from coils is equal sum of heat released from
the surfaces i.e. /00max ¼ /0=ð2dÞ ¼ /0011 þ /0021, when T1 =
T2. In addition the proportion of the heat release from
surface 1 to that from surface 2 is proportional to total
conductances from plane n = b to spaces 1 and 2 i.e.
/0011=/

00
21 ¼ r. The validity of Eq. (27) was also tested by

calculations. Due to the exponential term expð�l2
kFoÞ the

convergence of the calculations with the time dependent
solutions is quite rapid and only few first terms in infinite
summations are required except when Fo is very small.

2.5. Step response of a single coil in the floor

We consider a single coil in the floor (in Fig. 1 d ?1)
as the limit. We apply a new dimensionless co-ordinate
g = y/R and Eq. (3) becomes

oh
oFo
¼ o

2h

on2
þ o

2h
og2
þ 1

2
Udðn� bÞdðgÞ ð28Þ

Boundary conditions except latter symmetry condition in
Eq. (4) are valid. Then, instead of the finite cosine trans-
form, Eq. (5), we apply the Fourier cosine transform on
the half line [23] and its inverse transform

�f cðxÞ ¼
Z 1

0

f ðgÞ cosðxgÞdg

f ðgÞ ¼ 2

p

Z 1

0

�f cðxÞ cosðxgÞdx ð29Þ

respectively. Then the solution for the temperature field
becomes

h ¼ ha1 þ
U
p

X1
k¼1

Kðlk; nÞKðlk; bÞ

�
Z 1

0

cosðxgÞ
x2 þ l2

k

½1� e�ðx
2þl2

k ÞFo�dx ð30Þ

The integral in Eq. (30) can be evaluated using tables [25]
and Eq. (30) is simplified into

h ¼ ha1 þ
U
2

X1
k¼1

1

lk
Kðlk; nÞKðlk; bÞ

�
e�lk jgj � coshðlkgÞ

þ 1

2
e�lkgerf lk

ffiffiffiffiffi
Fo
p

� g

2
ffiffiffiffiffi
Fo
p

� �

þ 1

2
elkgerf lk

ffiffiffiffiffi
Fo
p

þ g

2
ffiffiffiffiffi
Fo
p

� �	
ð31Þ
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where erf is the error function [26]. In stationary situation
as the limit when Fo ?1, h1 = ha1 + he1, where the con-
tribution of the line source is

he1 ¼
U
2

X1
k¼1

e�lk jgj

lk
Kðlk; nÞKðlk; bÞ ð32Þ
2.6. Response of line sources in semi-infinite solid

We consider the temperature field due to single or sev-
eral constant line sources in a semi-infinite solid medium
or ground (Fig. 2), which corresponds to the limit
R ?1. The heat transfer is described by Eq. (1), but the
co-ordinate system is little different (see Fig. 2). The bound-
ary condition at the surface is

G00ðT s;x¼0 � T 2Þ ¼ ks
oT s

ox

� �
x¼0

ð33Þ

and the initial temperature of the solid is constant and
equal to ambient temperature. At time t = 0 power /0 of
a line source is switched on. We choose the dimension-
less variables Fo = ast/R

2, n = x/R, g = y/R for a single
line source (Fig. 2a) and f = y/d for infinite queue of line
sources (Fig. 2b), Biot number Bi = G00R/ks and dimension-
less temperature H = (Ts � T1)ks//0. Eq. (1) and boundary
conditions become for a single line source

oH
oFo
¼ o2H

on2
þ o2H

og2
þ dðn� 1ÞdðgÞ;

BiHn¼0 ¼
oH
on

� �
n¼0

;
oH
og

� �
g¼0

¼ 0 ð34Þ
y,η

x, ξ

R

T1a

y,ζ

x, ξ

R

T1b

2d

Fig. 2. Semi-infinite solid with single (a) or several (b, infinite queue) line
sources.
The coefficient 1
2

is added in the heat source term, when
only a half region is under consideration. Initially Ts

(t = 0) = T1 i.e. H(Fo = 0) = 0, but in case H(Fo = 0) 6¼ 0
its effect can be superposed to the solution. The solution
for the temperature field due to single line source can be
found by applying the cosine transform, Eq. (29) and the
modified Fourier transform and its inverse transform [23]

�f mðcÞ ¼
Z 1

0

f ðnÞgðc;nÞdn; f ðnÞ ¼ 2

p

Z 1

0

�f mðcÞ
gðc;nÞ

Bi2 þ c2
dc

ð35Þ
where g(c,n) = ccos(cn) + Bi sin(cn). The temperature field
becomes

H ¼ 1

p

Z 1

0

e�gc � coshðgcÞ þ 1

2
e�gcerf c

ffiffiffiffiffi
Fo
p

� g

2
ffiffiffiffiffi
Fo
p

� �


þ 1

2
egcerf c

ffiffiffiffiffi
Fo
p

þ g

2
ffiffiffiffiffi
Fo
p

� ��
gðc; 1Þgðc; nÞ
cðBi2 þ c2Þ

dc ð36Þ

The steady state temperature distribution (Fo ?1) is

H ¼ 1

p

Z 1

0

gðc; 1Þgðc; nÞe�gc

cðBi2 þ c2Þ
dc ð37Þ

This gives the maximum temperature at the surface above
the line source at the location n = g = 0, H(0, 0) =
eBiE1(Bi)/p, at steady state. E1 is the exponential integral
[26]. In the case of high heat transfer coefficient at the sur-
face the solution for the transient case can readily be found
as the limit Bi =1 from Eq. (36). However, a more conve-
nient solution can be found by applying the method of
images [1]. When Bi =1, the boundary condition at the
surface becomes H(n = 0,g) = 0, which can be created by
summing the effects of a positive and a negative line source,
which are situated symmetrically with respect to the surface
level n = 0 in an infinite solid. This creates a zero isotherm
at the level x = 0, which is the correct boundary condition
for the semi-infinite solid under study with the positive line
source. The solution for a single line source (in an infinite
solid) is [1]

H ¼ 1

4p
E1

r2

4at

� �
; E1ðzÞ ¼

Z 1

1

e�tz

t
dt ð38Þ

where r is the distance from the line source. Then the solu-
tion for the temperature distribution in the semi-infinite
solid is [1]

H ¼ 1

4p
E1

ðn� 1Þ2 þ g2

4Fo

 !
� E1

ðnþ 1Þ2 þ g2

4Fo

 !( )
ð39Þ

The heat flux distribution at the surface n = 0 is obtained
as

/00 ¼ /0

pR
1

g2 þ 1
e�ðg

2þ1Þ=ð4FoÞ ð40Þ

and the heat flow/length at the surface is /0ðn ¼ 0Þ=/0 ¼
1� erf ½1=ð2

ffiffiffiffiffi
Fo
p
Þ�. The well-known steady state (Fo ?1)

temperature distribution is



0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10

Fo

Bi2=0.1
0.2

0.5

1

10

0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10

Fo

0.2

=0.8β

a

b

Fig. 3. Heat release/maximum release from floor as function of time after
the power is switched on. (a) Effect of Bi2 (b = 0.4, Bi1 = 0). (b) Effect of b
(location of coils) as the parameter (Bi1 = 0, Bi2 = 0.5).
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H ¼ 1

4p
ln
ðnþ 1Þ2 þ g2

ðn� 1Þ2 þ g2

 !
ð41Þ

which has circular isotherms making it applicable to esti-
mate heat losses from pipe buried in the ground.

In the case with several line sources (Fig. 2b) there is
symmetry condition at f = 1 in addition to one at f = 0.
We apply the finite cosine transform, Eqs. (5) and (6),
and the modified Fourier transform, Eq. (35). The heat
transfer is described by Eq. (3) with b = 1. The solution
for the temperature field is

H ¼ a
p

Z 1

0

(
1

c2
1� e�c2Fo
� �

þ 2
X1
n¼1

cosðnpfÞ
ðanpÞ2 þ c2

� 1� e�fðanpÞ2þc2gFo
� �) gðc; 1Þgðc; nÞ

Bi2 þ c2
dc ð42Þ

which becomes in steady state (Fo ?1)

H ¼ 1

2p

Z 1

0

½cothðc=aÞ � 1�ecf=a þ ½cothðc=aÞ þ 1�e�cf=a
� 


� gðc; 1Þgðc; nÞ
cðBi2 þ c2Þ

dc ð43Þ

In the special case with low thermal resistance at the sur-
face (Bi ?1), the temperature field can be found in a sim-
ilar way as before by summing up the contributions of
positive and negative line sources,

H ¼ 1

4p

X1
n¼0

E1

ðn� 1Þ2 þ ðfþ 2nÞ2=a2

4Fo

 !(

�E1

ðnþ 1Þ2 þ ðfþ 2nÞ2=a2

4Fo

 !

þE1

ðn� 1Þ2 þ ½f� 2ðnþ 1Þ�2=a2

4Fo

 !

�E1

ðnþ 1Þ2 þ ½f� 2ðnþ 1Þ�2=a2

4Fo

 !)
ð44Þ

and the heat flux at the surface is

/00 ¼ /0

4R

X1
n¼0

expf�½ðfþ 2nÞ2=a2 þ 1�=ð4FoÞg
ðfþ 2nÞ2=a2 þ 1

(

þ expf�½ðf� 2ðnþ 1ÞÞ2=a2 þ 1�=ð4FoÞg
½f� 2ðnþ 1Þ�2=a2 þ 1

)
ð45Þ

The steady state temperature distribution is obtained as the
limit (Fo ?1)

H¼ 1

4p

X1
n¼0

ln

� fðnþ1Þ2þðfþ2nÞ2=a2gfðnþ1Þ2þ½f�2ðnþ1Þ�2=a2g
fðn�1Þ2þðfþ2nÞ2=a2gfðn�1Þ2þ½f�2ðnþ1Þ�2=a2g

 !

ð46Þ
3. Discussion

The solutions for the line sources in a slab can be applied
to calculate the temperature distribution in a floor operating
as heat storage. The heat release from the floor to the room
as function of time can be simulated. Thus it is possible to
use the theory in dimensioning of the heat storage system
and to simulate different time-dependent coil power and
control strategies. Factors affecting the transient heat stor-
age and release from floor to the room space are thickness,
density, thermal conductivity and specific heat of floor and
cover, distance of electric cables from each other and from
floor surface, heat transfer coefficient including effects of
convection and radiation, room air temperature, the
power/length of cables, and the durations of on/off stages.
Also the insulation under the floor and the temperature
below are affecting. Instead of floor the heat storing slab
could be a massive inner wall of a building. The model is also
applicable in this case with space heating on both sides.

In the dimensioning the allowable temperature on the
floor above the cover is an important dimensioning factor,
since it affects comfort. Walking with bare feet should
be comfortable. The temperature on the cover surface
depends on the coil power and on the thermal properties of
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Fig. 4. Heat release from floor in cyclic operation (Bi1 = 0, Bi2 = 0.5,
b = 0.2). Fig. 6. Temperature distribution in the floor in cyclic heating at time

t = 6 h after power has been switched on. Isotherms from 23.0 to 26.5 �C
(step 0.5 �C). Maximum temperature is at location of line source denoted
by symbol (�).

Fig. 7. Temperature distribution in the floor in cyclic heating at time
t = 12 h after power has been switched on. Isotherms from 24.5 to 28.0 �C
(step 0.5 �C). Maximum temperature is at location of line source denoted
by symbol (�).
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the floor and the cover and can be estimated by the model. A
possible carpet on the floor cover affects the heat release.

The heat release from the floor surface after the coil
power is switched on is shown in Fig. 3. The thickness of
the slab R, which is included in Fo = at/R2 (and also in
Bi = hR/k) has a significant effect on the heat storage
capacity and on the time lag for the heat release. It is seen
that also Bi has a relatively great effect on the heat release
whereas the location of the cables (b) has not much effect.

Heat release from the floor as function of time in cyclic
operation, where on and off periods are of equal durations,
is illustrated in Fig. 4. The heat release will be more even
with increasing thickness R (Fop decreases). Also decreas-
ing Bi (by decreasing G002 using isolative cover on the floor)
will make the heat release more even. The required total
power for space heating, for example approximately con-
stant heating power when outdoor temperature is constant,
is obtained by using auxiliary heaters. The need for auxil-
iary heating can be calculated as the difference between the
total heat demand and heat release from the floor.

The calculated temperature distribution in the floor
in cyclic operation is shown in Figs. 5–9. In the calcula-
tions the following thermal and other properties were
applied: cs = 880 J kg�1 K�1, ks = 1.37 W m�1 K�1, qs =
2300 kg m�3, sb = 3 mm, kb = 1.0 W m�1 K�1, m � 0 m2

K W�1, G001 ¼0.2 W m�2 K�1, T1 = 5 �C, T2 = 20 �C,

h = 8 W m�2 K�1 (average by combined convection and
radiation), R = d = 0.1 m.
Fig. 5. Temperature distribution in the floor in cyclic heating at time
t = 2 h after power has been switched on. Isotherms from 21.5 to 25.0 �C
(step 0.5 �C). Maximum temperature is at location of line source denoted
by symbol (�).

Fig. 8. Temperature distribution in the floor in cyclic heating at time
t = 12.5 h (0.5 h after power has been switched off). Isotherms from 24.5
to 25.75 �C (step 0.25 �C). Maximum temperature is at location denoted
by symbol (�).
From the thermodynamic point of view the use of elec-
tricity for heating is not efficient, since high grade energy is
used at low temperature level. A floor with pipes and water
circulation is an alternative way to store heat. Then it is
possible to increase the storage capacity by connecting it
to water heat storage. The benefit of a system with liquid
circulation is that the heating system can more easily be



Fig. 9. Temperature distribution in the floor in cyclic heating at time
t = 13 h (1 h after power has been switched off). Isotherms from 24.25 to
25.25 �C (step 0.25 �C). Maximum temperature is at location denoted by
symbol (�).
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changed later to use other sources of heat (district heating,
heat from combustion, waste and solar heat). A liquid sys-
tem can also be used for cooling and it might even be
applied as a pre-heater of hot domestic water from 5 to
6 �C (obtained from municipal net in Finland) up to
around 20 �C in summer.

The stationary temperature field generated by a single or
several lines sources can be applied as an approximation of
a temperature field generated by a pipe or pipes at constant
outer wall temperature, since the isotherms in the vicinity
and around a line source are almost circles. Here this is
illustrated to calculate the heat losses from a single pipe
in a semi-infinite solid (Fig. 10), but the method is applica-
ble to several pipes in the ground and to a single or several
pipes in a slab as well. The accuracy of this method can be
reasoned from the question: how well does the shape of the
isotherm describe the circular shape of the pipe. The sta-
tionary temperature field generated by the line a source is
obtained by the numerical integration of Eq. (37). This
ξ=0
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ξ=5
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(T-T1)λ/φ ’

η

Fig. 10. Dimensionless surface temperature and temperature distribution
H(n,g) = (Ts � T1)ks//0 in a semi-infinite solid generated by a line source
at point n = 1, g = 0. Black area H P 0.4 and light and dark areas
outwards are H = 0.4 . . .0.5, 0.3 . . .0.4, 0.2 . . .0.3, 0.1 . . .0.2 and 0 . . .0.1,
respectively.
dimensionless temperature field H = (Ts � T1)k//0 is
shown as an example for the case Bi = 1 in Fig. 10. We
consider a pipe with outer radius Rp = dR and its centreline
located at the line source. The approximate value of the
field at the pipe outer surface can be calculated by integrat-
ing around the pipe surface

�Hp ¼
1

2p

Z 2p

0

Hp du

� ½Hð1� d; 0Þ þHð1þ d; 0Þ þ 2Hð1; dÞ�=4 ð47Þ

as average of four points at the pipe outer surface. Then we
can calculate the heat loss from the pipe/length /0 �
G0(Tp � T1), where G0 ¼ ks= �Hp. For example if d = 0.2,
and Bi = 1, we get �H � ½0:481þ 0:496þ 2� 0:482� ¼
0:485. As it can be seen, the values at n = 1 � d (0.481)
and n = 1 + d (0.496) are quite close. The accuracy is
good, if the radius of the pipe is much smaller than its
distance from the ground surface. If the radius of the pipe
is large a more exact result for the heat loss would be ob-
tained by adjusting the location of the line source from the
centreline of the pipe n = 1 little towards the ground surface
so that the temperatures at n = 1 + d and n = 1 � d become
equal. This makes the boundary condition (constant temper-
ature at outer surface of the pipe) even more exact. After G0 is
known the cooling of a fluid flowing in the pipe can be
calculated by T f ¼ T 1 þ ðT f0 � T 1Þ exp½�G0z=ð _mfcfÞ�, if the
heat conduction in the direction of the fluid flow (co-ordinate
z) is assumed negligible.

The calculation process for a slab is similar. The average
dimensionless temperature �hp is evaluated. We denote the
stationary fields due to temperature difference and line
sources, Eqs. (16) and (18), as ha1 = #G(n) and he1 =
UH(n,f). Then we evaluate the average value of the
temperature field on the pipe surface �hp ¼ #�Gþ U �H ,
where �G ¼ GðbÞ and �H � ½Hðbþ d; 0Þ þ Hðb� d; 0Þ þ 2H
ðb; dÞ�=4. Then the heat loss from the pipe surface is
obtained from /0 � ks½T p � T 1 � ðT 2 � T 1Þ�G�= �H . The accu-
racy can be improved in a similar way as before by adjust-
ing the location of the line source so that temperatures at
both sides of the pipe become equal.

4. Conclusions

Unsteady and steady thermal fields induced by a singe or
several (infinite queue) of line sources in a slab or semi-infi-
nite solid are derived using integral transform methods.
Steady and intermittent heating with electric coils in a floor
or a wall is considered as an application. Method to esti-
mate thermal fields and heat losses from pipes in building
structures, such as walls and floors and ground in steady
state based on steady state line sources is discussed.
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III), Byggforskningsrådet, Stockholm, 1985.

[11] F.O. Alpak, C. Torres-Verdin, K. Sepehrnoori, S. Fang, S.L.
Knizhnerman, An extended Krylov subspace method to simulate
single-phase fluid flow phenomena in axisymmetric and anisotropic
media, J. Petrol. Sci. Eng. 40 (2003) 121–144.

[12] Y.-S. Wu, K. Pruess, Integral solutions for transient fluid flow trough
a porous medium with pressure-dependent permeability, Int. J. Rock
Mech. Mining Sci. 37 (2000) 51–61.
[13] J.-S. Lin, L.M. Hildemann, Analytical solutions of the atmospheric
diffusion equation with multiple sources and height-dependent wind
speed and eddy diffusivities, Atmos. Environ. 30 (1996) 239–254.
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